SCHEMES OVER Fj AND ZETA FUNCTIONS 

ALAIN CONNES AND CATERINA CONSANI 



Abstract. We determine the real counting function N(q) (q £ [1, oo)) for 
the hypothetical "curve" C = Spec Z over Fi, whose corresponding zcta func- 
tion is the complete Riemann zeta function. Then, wc develop a theory of 
functorial Fi-schcmes which reconciles the previous attempts by C. Soulc and 
A. Dcitmar. Our construction fits with the geometry of monoids of K. Kato, is 
no longer limited to toric varieties and it covers the case of schemes associated 
to Chevalley groups. Finally we show, using the monoid of adele classes over 
an arbitrary global field, how to apply our functorial theory of 9Jto-schemes to 
interpret conceptually the spectral realization of zeros of L-functions. 
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1. Introduction 



In this paper we develop three correlated aspects pertaining to the broad theory of 
the "field of characteristic one": Fi. The appearance, in printed literature, of some 
explicit remarks related to this (hypothetical) degenerate algebraic structure is due 
to J. Tits, who proposed its existence to explain the limit case of the algebraic 
structure underlying the geometry of a Chevalley group over a finite field F 9 , as q 
tends to 1 (cf. [23], § 13 and [2]). A suggestive comment pointing out to a finite 
geometry inherent to the limit case q = 1 is also contained in an earlier paper by 
R. Steinberg (cf. [22], p. 279), in relation to a geometric study of the representation 
theory of the general linear group over a finite field. 

In more recent years, the classical point of view that adjoining roots of unity is 
analogous to producing extensions of a base field, has also been applied in the 
process of developing a suitable arithmetic theory over Fi. This idea lead to the 
introduction of the notion of algebraic field extensions Fin of Fi which are not 
defined per se, but are described by the following equation (cf. [21] . § 2.4 and [15] ') 

Fi» ® Fl Z := Z[T]/(T n - 1) , neN. 

The need for a field of characteristic one has also emerged in Arakelov's geometry, 
especially in the context of an absolute motivic interpretation of the zeros of zeta 
and L-functions (cf. [19j, § 1.5). In [21] (§ 6), C. Soule introduced the zeta function 
of a variety X over Fi by considering the polynomial integer counting function of 
the associated functor X_. 

In this paper we take-up the following central question formulated in [19] which 
originally motivated the development of the study of the arithmetic over Fi. 

Question: Can one find a "curve" C = Spec Z over Fi (defined in a suitable 
sense) whose zeta function Cc(s) is the complete Riemann zeta function Cq(s) = 

^/ 2 r( s /2)c( s )? 

After transforming the limit definition (for q — > 1) of the zeta function given in 
[2T] into an integral formula which is more suitable in the cases of general types of 
counting functions and distributions, we show how to determine the real counting 
function Nc(q) = N(q), q € [1, oo) associated to the hypothetical curve C over Fi. 
A convincing solution to this problem is a fundamental preliminary test for any 
arithmetic theory over Fi. The difficulty inherent to the above question can be 
easily understood by considering the following facts. First of all, notice that the 
value N(l) is conjectured to take the meaning of the Eulcr characteristic of the curve 
C = Spec Z. Since one expects C to be of infinite genus (cf. [19]), N(l) is supposed 
to take the value — oo, thus precluding any easy use of the limit definition of the zeta 
and a naive approach to the definition of C, by generalizing the constructions of 
|21j . On the other hand, the counting function N(q) is also supposed to be positive 
for q real, q > 1, since it should detect the cardinality of the set of points of C 
defined over various "field extensions" of Fi. This requirement creates an apparent 
contradiction with the earlier condition N(l) = — oo. 

The precise statement of our result (cf. Theorem 12 . 2 1 and Remark l2.3p is as follows: 
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(1) The counting function N(q) satisfying the above requirements exists and is 
given by the formula 



where Z is the set of non-trivial zeros of the Ricmann zeta function and the deriv- 
ative is taken in the sense of distributions. 

(2) The function N(q) is positive (as a distribution) for q > 1. 

(3) The value N(l) is equal to — oo and reflects precisely the distribution of the 
zeros of zcta in E log £0. 

This result supplies a strong indication on the coherence of the quest for an arith- 
metic theory over Fi . Notice also that (JTJ) is entirely similar to the classical formula 
for the counting function of the number of points of a proper, algebraic curve X 
over F„ in the form 



where the a's are the eigenvalues of the Frobenius operator acting on the cohomol- 
ogy of the curve. 

The equation Q is a typical application of the Riemann-Weil explicit formulae. 
These formulae become natural when lifted to the idele class group. This fact 
supports the expectation that, even if a definition of the hypothetical curve C is 
at this time still out of reach, its counterpart, through the application of the class- 
field theory isomorphism, can be realized by a space of adelic nature and this is in 
agreement with earlier constructions: cf. [3], [T] and [5]. 

A second topic that we develop in this paper is centered on the definition of a 
suitable geometric theory of algebraic schemes over Fx- The viewpoint that we 
introduce in this article is an attempt at unifying the theories developed on the one 
side by Soule in [21] and in our paper [5] and on the other side by A. Dcitmar in 
[7j, [5J (following N. Kurokawa, H. Ochiai and M. Wakayama [TS]), by K. Kato in 
[T6] (with the geometry of logarithmic structures) and by B. Toen and M. Vaquic 



In [2], we introduced a refinement of the original notion (cf. |21j ) of an affine variety 
over Fi and following this path we proved that Chevalley group schemes are ex- 
amples of affine varieties defined over the field extension F^ . While in the process 
of assembling this construction, we realized that the functors (from finite abelian 
groups to graded sets) describing these affine schemes fulfill stronger properties than 
the ones required in the original definition of Soule. In this paper we develop this 
approach and show that the functors underlying the structure of the most common 
examples of schemes (of finite type) over Fi extend from (finite) abelian groups 
to a larger category obtained by gluing together the category DJlo of commutative 
monoids (used in [TS], [16], [7], [24]) with the category 5Hing of commutative rings. 
This process uses a natural pair of adjoint functors relating DJlo to DMng and follows 
an idea we learnt from P. Cartier. The resulting category (cf. ^4]for details) 



E = — , e > appears when taking the derivative lim e ^o J ^ 1+<! ^ — of the primitive J of 




(1) 



#X(¥ g ) = N(q) = q-^2a i + l, , Vq = p 



in [24]. 



N{q) 
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defines an ideal framework in which the above two approaches are combined to- 
gether to determine a very natural notion of variety (and of scheme) X over Fi. 
In particular, the conditions imposed in the original definition of a variety over Fi 
in [21] are now applied to a covariant functor X : — > Sets to the category of 
sets. Such a functor determines a scheme (of finite type) over Fi if it also fulfills 
the following three properties (cf. Definition 14 .7|) : 

- The restriction X% of X to TOnpj is a scheme in the sense of [10] . 

- The restriction X of X to QJto is locally representable. 

- The natural transformation connecting X_ to X%, when applied to a field, yields 
a bijection (of sets). 

The category 2lb of abelian groups embeds as a full subcategory in 9Jto. This 
fact allows one, in particular, to restrict a covariant functor from 97to to sets to 
the subcategory (isomorphic to) 2lb. In §3.71 we prove that if the OJto-functor is 
locally representable, then the restriction to 21 b yields a functor to graded sets. 
This result shows that the grading structure that we assumed in [2] is now derived 
as a byproduct of this new refined approach. 

In particular, we deduce that Chevallcy groups are F^-schemes in our new sense; 
the group law exists on the set of points of lowest degree and is given by Tits' 
functorial construction of the normalizer of a maximal split torus. 
As an arithmetic application of our new theory of Fi-schemes we compute the 
zeta function of a Noetherian Fi-scheme X. Theorem 14.101 extends Theorem 1 of 
[9] beyond the toric case and states, under a local torsion free hypothesis on the 
scheme, the following results: 

(a) There exists a polynomial N(x + 1) with positive integral coefficients such that 

#X(Fi~) = N(n + 1) VneN. 

(b) For each finite field ¥ q , the cardinality of the set of points of the Z-scheme X% 
which are rational over F g is equal to N(q). 

(c) The zeta function of X in the sense of [21] is given by 

t*W = II - rW) 

(1 - -) 

where the £g>-product is the Kurokawa tensor product and n(x) denotes the local 
dimension at the point x € X of the geometric realization of X_ (cf. Definition ^. 191) . 

The geometric theory of schemes over Fi that we have developed in §§ [3] and 0] 
also reveals the importance to replace, when necessary, an abelian group H by a 
naturally associated commutative monoid M (with a zero element) so that H = M x 
is interpreted as the group of invertible elements in the monoid. This idea applies 
in particular to the idele class group Ck of a global field K, since by construction 
the group Ck is the group of invertible elements in the multiplicative monoid of the 
adele classes 

M = A K /K X , K x = GLi(K). (2) 

This application of the theory of 9Jto-schemes to the study of geometric objects 
more pertinent to the realm of noncommutative geometry determines the third 
aspect of the theory of Fi that we have developed in this paper. In our previous 
work, the adele class space has been considered mostly as a noncommutative space 
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and its algebraic structure as a monoid did not play any role. One of the goals of 
the present paper is to promote this additional structure by pointing out how and 
where it provides a precious guide. 

In <j5j we consider the particular case of the 9Jto-schcmc describing a projective 
line over Fi . It turns out that this scheme provides a perfect geometric framework 
to understand simultaneously and at a conceptual level, the spectral realization of 
zeros of L-functions, the functional equation and the explicit formulae. All these 
statements are deduced by simply computing the cohomology of a natural sheaf f2 
of functions on the set Pp (M). The sheaf is a sheaf of complex vector spaces 
over the geometric realization Pj of the 9Jto-scheme P^. To define it we use a 
specific property of an 9Jto-schcme, namely the existence, for each monoid M, of a 
natural projection ttm '■ X(M) — ► X, connecting the OTo-scheme X_ (understood as 
a functor from the category 9Jto of monoids to sets) to its associated geometric space 
X , i.e. its geometric realization. For the 9Jto-schcme Pj. the geometric realization 
Pp is a very simple space ([7]) which consists of three points 

Pk={0, «,«>}, {0} = {0} , M = P^ , {c^} = {oo}. 

A striking fact is that in spite of the apparent simplicity of this space, the computa- 
tion of H (Pj. , fi) already yields the graph of the Fourier transform: cf. Lcmma l5~3l 
While the Fourier transform at the level of the adeles depends upon the choice of a 
basic character, this dependence disappears at the level of the quotient space M of 
adele classes. Also we explicitly remark that while the singularity of the operation 
x i — ► on the space of adeles prevents one to obtain any interesting global func- 
tion on the projective space of the adeles, this difficulty disappears at the level of 
the quotient space M of adele classes (in view of the above result on if°(Pj. , fi)). 
Theorem 15.51 states that the first cohomology group H 1 (Pp i , fi) of the sheaf fi over 
Pp of complex valued functions on the projective space P^ (M ) provides the space 
of the spectral realization of the zeros of L-functions. The symmetry associated to 
the functional equation derives as a simple consequence of the inversion x i— ► x 
holding on PJ. . 

Finally, we want to stress the point that the most interesting aspect of this final 
result does not rely on its technical part, since for instance the afore mentioned 
spectral realization is identical to that obtained in several earlier works cf. [20] . 
[3], [6] and initiated in pQ. The novelty of our statement is that of proposing a 
new conceptual explanation for some fundamental constructions of noncommutativc 
arithmetic geometry, in a way that the Fourier transform, the Poisson formula and 
the cokcrncl of the restriction map to the idelcs all appear in an effortless and 
natural manner on the projective line Pp (JVf). 



2. Zeta functions over Fi and C = Spec Z 

In [21] (cf. §6) C. Soule introduced the zeta function of a variety X over Fi using 
the polynomial counting function N(x) € 1\x\ of the associated functor A. Af- 
ter correcting a sign misprint (which is faithfully reproduced in [9]), the precise 
definition of the zeta function is as follows 

C x (s):=limZ(X,q- s )(q-l) N ^, seR (3) 
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where Z(X,q s ) denotes the evaluation at T = q 3 of the Hasse-Weil exponential 
series 



Notice, incidentally, that so defined (x{s) fulfills the properties of an absolute 
motivic zeta function as predicted by Y. Manin in [TH] (c/. §1.5). 
In this section, after transforming the limit ^ into an integral formula which 
is more suitable when dealing with general counting functions and distributions, 
we shall determine a precise formula for the counting function associated to the 
hypothetical curve C = Spec (Z) . 

2.1. An integral formula for <9 s (tv(s)/CaK s )- 

Let N(q) be a real continuous function on [l,oo) satisfying a polynomial bound 
< Cq k , for some finite positive integer k and a fixed positive constant C. 
Then, the corresponding generating function takes the following form 



and one knows that the power series Z(q,q s ) converges for 3?(s) > k. The zeta 
function over Fi associated to N(q) is 



and this definition requires some care to assure its convergence. To eliminate the 
ambiguity in the extraction of the finite part, one works with the logarithmic de- 
rivative 





Cat(s) := ]imZ(q,q- a )(q-l)X, X = N(l) 



lim F(q, s) 



(5) 



where 




(G) 



Lemma 2.1. With the above notations and for 5R(s) > k, one has 




du/u 



(7) 



and 




Proof. The proof follows immediately by noticing that 



F(q, S )=^2N(q r )q- rs logq 



r>l 



is the Riemann sum for the integral N(u)u s d*u. 
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□ 



Let us first assume that N(l) — 0. We then get the following expression by inte- 
grating in s, with c a constant of integration. 

log(0v( S )) - f° p^u- s d*u + c. (9) 

In the general case (i.e. when N(l) ^ 0) one has to choose a principal value in the 

N(u) 

expression fi9l near u = 1, since the term is singular. The normalization used 

logu 

in [21] , corresponds to the principal value 

^- u - s d*u + N(l) \oge) . (10) 

l+e lo E u J 



log(Cjv(s)) = lim 



Notice that this choice does not alter ([5]). This fact is quite important since we 
shall use |(5J) to investigate the analytic nature of (n(s)- 



2.2. The counting function of C = Spec Z. 

It is natural to wonder on the existence of a "curve" C = Spec Z suitably defined 
over Fi, whose zeta function Cc(s) is the complete Riemann zeta function Cq(s) = 
7r - s / 2 r(s/2)C(s) (cf. also [H]). In this subsection we shall show that the integral 
equation ([5]) produces a precise formula for the counting function Nc{q) = N(q) 
associated to C . In fact, (JSJ) shows in this case that 

d.Co(s) 



N(u)u~ s d*u. (11) 

This integral formula appears in the Riemann- Weil explicit formulae and when 
5R(s) > 1. one derives that 



dsCq(s) 



K(u)u- S d*u, (12) 



Cq(s) 

where A(n) is the von-Mangoldt functioifl and k(u) is the distribution 

re(it) = ^5 V u > 1 

li — 1 

which is defined using a principal value to eliminate the divergence at u = 1. More 
precisely, the distribution k(u) is defined, for any test function /, by 

K(u)f(u)d*u = r " 2/( " } ~/ {1) d*u + c/(l) , c = i(logrr + 7 ) 

where 7 = — r'(l) is the Euler constant. Hence, we derive the consequence that 
the counting function N(q) of the hypothetical curve C over Fi, is the distribution 
given by the sum of n(q) with the discrete term equal to the derivative j^f(q), 
taken in the sense of distributions, of the functiorjfl 



(u) = J2nA(n). (13) 



with value log p for powers yr of primes and zero otherwise 
'the value at the points of discontinuity does not affect the distribution 
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Indeed, since d*u= — , one can write (fT2")l as 



- r ( jl<p(u)+k{u) ) u- s d* u . 



CqO) Ji \du 
If one compares (fT4| and (fTT|) . one derives the following formula for N(u) 

N(u) = —<p(u) + k(u). (15) 

The above expression encloses in a very subtle and intrinsic form a fundamental 
information on the description of the counting function as geometric "trace type" 
formula. To substantiate this statement, we recall the well-known equation (c/. |14j . 
Chapter IV, Theorems 28 and 29, and use <p(u) = uipo(u)—ipi(u), where ipo{u) is the 
Chebyshev function ipo(u) = ^2 n<u A(n) and tpi(u) = J™ tpo(x)dx is its primitive) 
valid for u > 1 (and not a prime power) 

ip(u) = — - V order(p)— - + a(u) (16) 
2 * — ' p + 1 

where 

1 C'(-l) 
a(u) = ArcTanh(-) - ^—l 

u C(-l) 

and Z denotes the set of non-trivial zeros of the Ricmann zeta function. Notice 
that the sum over Z in (|16p has to be taken in a symmetric manner to ensure 
convergence. When one differentiates it in a formal way, the term in a(u) gives 

± a ( u ) = 1 
du 1 — u 2 

Hence, at the formal level i.e. disregarding the principal value, one obtains 

d 

—a(u) + k(u) = 1. 
du 

Thus, when one differentiates (at the formal level) (fl6|) one gets 

N ( u ) = 4-<P( u ) + K ( u ) ~ u - ^ order(p) u p + 1. (17) 
aw z — ' 

This formula for the counting function is now entirely similar to that describing the 
counting function of the number of points of a curve C over a finite prime field F p 
in the form of 

#C(¥ q ) = N(q) = q-J2c/ + l, V 9 =p' 
aez 

where the a's are the eigenvalues of the Frobenius. 

Notice that in the above formal computations we have neglected to consider the 
principal value for the distribution k(u). By taking this into account we obtain the 
more precise result 

Theorem 2.2. The distribution N(u) satisfying the equation 

^Cq(s) 
CqO) 



N(u)u~ s d*u, 



is positive on (l,oo) and is given on [l,oo) by 

N(u) = u-l^or d er( P )^j + l (18) 
where the derivative is taken in the sense of distributions, and the value at u = 1 

E u p+i 
ordcr(p) is given by 

w 2 2 2 C(-l) 

Proof. The positivity of the distribution N(u) on (l,oo) follows from (|15p. For 
u>lwc define 

w ( u ) = ^order(p)-^— . (20) 



p+1 



By (pU one has (for it > 1) 



„ 2 



u(u) = -<p(u) + — + a(u). (21) 

In a neighborhood of 1 one has ip(u) = and a(u) ~ — ^ log(u — 1) when u — > 1+. 
Thus diverges when u — ► 1 although it is locally integrable and defines a 

distribution. Since [1, oo) has a boundary, the derivative of the distribution depends 
on its boundary value and is defined, for / smooth and of fast enough decay at oo, 
as 

7 POO J 

( u,(u),f(u)) = - w(u)— /(u)d«-w(l)/(l). (22) 
cm 7i du 

We apply this to the function f(u) = u _s_1 , for 3?(s) > 1. One has —4-}(u) = 
(s + l)it~ s ~ 2 and one obtains 

/(«)) = (.S + 1) ^ (~<p(u) + y + tt(u)) «— 2 du - W (l). 

By applying some results from [14] (cf. Chapter I, (17): use = uipo(u) — i^i(u), 
ip'(u) = ipo(u)), one deduces 

dsC(s) 

C(«) 

and by using 

1 1 



(s + 1) / <p(u)u- s - z du (23) 



(u + l)f{u)du = — I , -(s + 1)/ — u~ s ~ 2 du 



- 1 ' v 7i 2 2 s - 1 

one concludes that 

((« - + 1), /(«)) = \-\- y^ + - (* + 1) a(u)u— a du. 

Finally, we claim that the following equation holds 

i - (. + 1) /" .(«)«-»*. = -^g> + £m - log2 - 2. 

Indeed, using a process of integration by parts one has 
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Figure 1. Primitive J(u) of N(u) and approximation using the 
symmetric set Z m of first 2m zeros, by 



,p+i 



JmW = — - 2^order(p)— - 



Note that J{u) — > — oo when u — ► 1+. 
-(s + 1) ^ArcTanh(i) - u^j u- s ~ 2 du 



1+e 



with 



b(e) = f ArcTanh(— ) - (1 + e)J (l+e)-^ 1 

and c = 1 — log 2. Moreover one also knows that 
d s T(s/2) _ _7 
2 



u 2 - 1 



- 1 



rfu + 6(e) 



du+c+0(e log(l/e)) 



r( s /2) 



- i 



-e?u. 



Thus one gets 
provided that 



aw Cq( s ) 

l + 7 + log4._C^l) 
w 2 2 2 C(-l) 



(24) 



To check this latter equality one cannot use the explicit formula (|16p which is not 
valid at u = 1, since the term ArcTanh(^) is infinite, therefore displaying the 
discontinuity of the function tu(u) at u = 1. To verify (|24p we rather use the 
following formula (taken from [14], c/. Ill, (26)) 



COO 

as) 



-1 ^\S-fl ,0 



~(| + l) + log(^)-l-i 



HI 



when s — ► 1. We notice that the left hand side of the above formula tends to 7 while 
the right hand side, using the symmetry p — > 1 — p of the zeros (and a symmetric 
summation and the formula j? (|) = 2 — 7— 2 log 2) tends to 



z P 



2 + log(47r). 



Thus one obtains 



EM 



l--log(47r) 
pi 2 



z 

One then concludes by using the equalities (c/. [H] IV, Theorem 28) 
and the formula (using a symmetric summation) 

y — = v-- y - 

□ 



Remark 2.3. In agreement with [3T], the value N(l) should be thought of as the 
Euler characteristic of the hypothetical curve C over Fi. Since C is expected to 
have infinite genus, one would deduce that N(l) = —00, in apparent conflict with 
the expected positivity of N(q) for q > 1. This apparent contradiction is resolved 
in the proof of Theorem 12. 2[ since the distribution N(q) is positive for q > 1 but 
its value at q = 1 is formally given by 

N{1) = 2 _ Um ^(1 + 0-^(1) „ _ l _ ElogEi E = I 
e^o e 2 e 

reflecting, when e — > 0, also the density of the zeros. 



Equality (|16p is a typical application of the Riemann-Weil explicit formulae which 
become natural once they are lifted to the idele class group. It seems therefore 
natural also to expect that the hypothetical curve C = Spec (Z) is of adelic nature 
and that it also possesses an action of the idele class group. This speculation is in 
agreement with the interpretation of the explicit formulae as a trace formula, by 
using the noncommutative geometric formalism of the adele class space (cf. p], [3], 

a, IE edi)- 

3. 97t0-SCHEMES. 

In this section we describe, following a functorial approach similar to that of [ID] , 
a generalization of the theory of Z-functors and schemes obtained by enlarging the 
category of rings to that of commutative monoids. This functorial construction will 
be applied in jj4.31 after gluing together the categories of monoids and rings, to 
derive a new notion of Fi-schemes and associated zeta functions. Our construction 
has evident connections with the theory of schemes over Fi developed by A. Deitmar 
in [7], [8], with the theory of logarithmic structures of K. Kato in [16], with the 
arithmetic theory over Fi described by N. Kurokawa, H. Ochiai, M. Wakayama in 
[H], and with the algcbro-topological approach followed by B. Toen and M. Vaquie 
in [241. 
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3.1. Monoids: the category 9Jto. 

Throughout the paper we denote by Sets, 2tb, Dtirtpj respectively the categories of 
sets, abelian groups and commutative rings with unit. 

We let 9Jto be the category of commutative monoids M denoted multiplicatively, 
with a neutral element 1 (i.e. unit) and an absorbing element (0 • x = x ■ = 
0, V.t G M). 

A homomorphism ip : M — > JV in 9Jlo is unital (i.e. ^?(1) = 1) and satisfying 
tp(0) = 0. 

Given a commutative group H in 2tb, we set 

¥ 1 [H}= HU{0} (0-/i = /i-0 = 0, V/iGff). 

Following the analogy with the category of rings, one sees that in OJlo a monoid of 
the form Fi[iJ] corresponds to a field F (F = F x U {0}) in TOng. The collection of 
monoids like Fi[iJ], for H £ Obj(2lb), forms a full subcategory of Wlo isomorphic 
to the category of abelian groups: cf. Proposition 13. 171 

Definition 3.1. An 9Jlo -functor T is a covariant functor from the category 9Jto to 
Sets. 

To a monoid M in 9Jlo one associates the covariant functor spec M defined as follows 

spec M : Mo -► Sets N ^ specM(TV) = Hom OTc ,(M, N). (25) 

Notice that by applying Yoneda's lemma, a morphism of functors (natural trans- 
formation) tp : specM — > JT, with J 7 : Tlo — > Sets is completely determined by 
the element y(idjw) G J-(M), moreover any such clement gives rise to a morphism 
spec M — > T . By applying this fact to the functor T = speciV, for TV G Obj(OJlo), 
one obtains an inclusion of Tlo as a full subcategory of the category of SDto-functors. 

Morphisms in the category of 9Jlo-functors are natural transformations. 

An ideal / of a monoid M is a subset I C M such that G / and x £ I xy £ 
7, Wy G M (c/. [TT]). As for rings, an ideal I C M defines an interesting subfunctor 
£>(/) C specM: 

D(I) : Wlo -> Sets, D(I)(N) = {p £ spec (Af)(A r )|p(/)A^ = TV}. (26) 

We recall that an ideal p C M is said to be prime if 1 ^ p and its complement 
p c = M \ p is a multiplicative subset of M «.e. 

x $p, y$p xy^p. 

For an ideal I C M, one denotes by I? (J) the set of prime ideals p C M which 
do not contain /. These subsets are the open sets for the natural topology on the 
set X = Spec (M) of prime ideals of M (cf. [16]). The smallest ideal containing 
a collection of ideals {I a } of a monoid M is just the union I = U a I a and the 
corresponding open subset D(I) C Spec (M) = {p C M\p prime ideal} satisfies 
the property D(U a I a ) = U a D(I a ). It is a standard fact that the inverse image 
of a prime ideal by a morphism of monoids is a prime ideal. Moreover, it is also 
straightforward to verify that the complement of the set of invertible elements in 
a monoid M, pM = (M x ) c , is a prime ideal in M which contains all other prime 
ideals of the monoid. 
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3.2. Automatic locality. 

An interesting property fulfilled by any 9Jto-functor is that of being local. Locality 
is not automatically satisfied by Z-functors, essentially it corresponds to state the 
exactness, on an open covering of an affine scheme Spec (R) = UjD(/j) (/; G R), of 
sequences such as (|27|) below. On the other hand, we shall see that an SDTo-functor 
is local by construction. We recall the following result (c/. [7]) 

Lemma 3.2. Let M be an object in 9Jlo and let {W a } a ^A (A a set) be an open 
cover of the topological space X = Spec (M). Then W a = Spec (M), for some index 
ae A. 

Proof. The point pM = (M x ) c G Spec (M) must be contained in at least one W a , 
for some index a G A. One has W a = D(I a ) for some ideal I a C M, hence 
pM G D(I a ), for some a G A and this means I a n M x ^ 0, that is 7 a = M. □ 

Let M be an object of SOTo. For S C M a multiplicative subset we recall that the 
monoid S I_1 M is the quotient of the set made by all expressions a/s = (a, s) G Ax S, 
by the following equivalence relation 

a/s ~ b/t 4=> 3 u *E S uta = usb. 

One checks that the product a/s.b/t = ab/st is well-defined on the quotient S' _1 M. 

For / G M and S = {/"; n G Z> } one denotes S~ X M by M/. 

For any SEJlo-functor T and any monoid M one defines a sequence of maps of sets 

if 

which is obtained by using the open covering of Spec (M) made by the open sets 
D(fiM) (fi G M), the natural morphisms M — > Mf i and the functoriality of T . 

The following lemma shows that any 9Jto-functor is local 

Lemma 3.3. For any 9Jlo-functor T and any monoid M , the sequence (|27|) is 
exact. 

Proof. By Lemma l3.2[ there exists an index i such that fi G M x . One may 
assume that i = 1. Then, the map pi : M — > is invertible thus u is injective. 
Let (xi) G rii^ r (-^/i) be a family, with xi £ JF(Af/J such that (xi)f j = (xj)f 4 , 
for all 2, j. This gives in particular the equality between the image of Xi G !F(Mf t ) 
under the isomorphism ^(pa) : ^-"(M/J — > ^(A/^/J and ^-"(pi^C^i) G F(Mf 1 f i ) = 
FiMfifc). By writing xi = pi(x) one finds that u(x) is equal to the family (xi). □ 

3.3. Open 3Jlo-subfunctors. 

In analogy with the theory of Z-schemes, we now introduce the notion of an open 
subfunctor 

Definition 3.4. A subfunctor Q C T of an 9Jto - functor T is open if for any object 
M ofDJlo and any morphism of 9Jlo- functors if : spec M — > T , there exists an ideal 
I C M satisfying the following property 

For any object N ofVJlo and for any p G spttM(N) = Hom%ft (M, N): 

tp(p) G g(N) C T(N) & p(I)N = N. (28) 
To clarify the meaning of this definition we develop a few examples. 
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Example 3.5. The functor 

: Tto -> Sets, N -> 0(JV) = 7V X 

is an open subfunctor of the (identity) functor D 1 

V 1 : Mo — > 6ets, iV ^ P 1 (iV) = Y. 

In fact, let M be a monoid, then by Yoneda's lemma a morphism of functors 
ip : specAf — + V 1 is determined by an element z G V 1 (M) = M. For any monoid 
N and p G Hom(M, N), one has ip(p) = p(z) G T> l {N) = N, thus the condition 
p(p) G £7(iV) = N x means that p(z) E N x . One takes for / the ideal generated by 
z in M: I = zM. Then it is straightforward to check that ([28]) is fulfilled. 

Example 3.6. Let / C M be an ideal of a monoid M and consider the subfunctor 
D{I) C spec(M) as defined in (|26[) . Then, -D(J) is an open subfunctor of specM. 
Indeed, for any object A of 9Jto and p : spec A — > specM one has (p(id,A) = rj G 
5pec(M)(A) = Hom OT o(M, ^4)- One takes in A the ideal J = 7/(7)A This ideal 
fulfills the condition (f2"5|) for any object TV of 97lo and p <G Homwi (A, N). In 
fact, one has ip(p) = p o 77 G Hom<uto(Af, JV) and £ D(I)(N) means that 

p(r)(I))N = N. This latter equality holds if and only if p(J)N = N. 

3.4. Open covering by 9Jlo-subfunctors. 

The next task is to introduce the notion of an open cover in the category of Mo- 
functors. We shall use the fact (c/. Proposition l3. 17[) that the category 2lb of abelian 
groups embeds as a full subcategory of Mo, by means of the functor H — ► Fi [//"]. 

Definition 3.7. Let T be an Mo-functor and let {^ojogs be a family of open 
subfunctors of J- . Then one says that {J- a }aes (S = an index set) is an open cover 
ofT if 

T^ilH}) = |J ^a(Fi[fl]), G Obj(2tb). (29) 

Since commutative groups (with added) replace fields in 9Jto, the above definition 
is the natural transposition of the definition of open covers as in [10] within the 
category of 97to-functors. The following proposition gives a precise characterization 
of the open covers of an 3Jlo-functor 

Proposition 3.8. Let T be an Mo-functor and let {Fa} aes be a family of open 
subfunctors of T . Then, the family {J r a }aeS forms an open cover of J- if and only 
if 

T{M) = (J F a {M), VMe Obj(mto). 

Proof. The condition is obviously sufficient. To show the converse, we assume ([29| . 
Let M be a monoid and let £ G J-(M), one needs to show that £ € T a {M) for some 
a € S. Let tp be the morphism of functors from spec M to T such that <p{idyi) = £. 
Since each T a is an open subfunctor of T . one can find ideals I a C M such that 
for any object N of Mo and for any p G spec M(N) = Kom^i (M, N) one has 

p{p) G T a {N) C T{N) & p(I a )N = N. (30) 

One applies this to the morphism cm ■ M — > Fi[M x ] = fc given by 

MAFi[M x ], e M (y)=0, Vy ^ M x , e M (y)=y, VyGA/ x . (31) 
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One has cm £ spec(M)(/s) and <p(cm) € •^"(^) = LLes Thus, 3a such that 
y(ejvf) € f a (4 By ([30]) one has £a/(/ q )k = ft and I Q n M x ^ hence J Q = M. 
Applying then ([501) to /> = ic?M one obtains £ e J- a (M) as required. □ 

3.5. OJlo-schemes. 

In view of the fact that any SDTo-functor is local, the definition of an 9Jto-scheme 
simply involves the local representability 

Definition 3.9. An VJlo-scheme is an DJlo-functor which admits an open cover by 
representable subfunctors. 

We shall consider several elementary examples of 9Jto-schemes 

Example 3.10. The affine spaces T> n . For a fixed n £ N, we consider the following 
9Jto-functor 

V n : 9Jto -> Sets, V n {M) = M n 
This functor is representable since it is described by 

V n (M) = Homgjto (Fi[Ti, . . . ,T„],M), 

where 

Fi[Ti, . . . ,T n ] := {0} U {Tf 1 • ■■T°»|a j £ Z> } (32) 
is the union of {0} with the semi-group generated by the Tj. 

Example 3.11. The projective line P]_. We consider the OTo-functor Pj_ which 
associates to an object M of Wlo the set P|_(M) of complemented submodulcs E of 
rank one in M 2 , where the rank is defined locally. By definition a complemented 
submodulc is the range of an idempotent matrix e £ M%{M) {i.e. e 2 = e) with each 
line having at moslQ one non-zero entry To a morphism p : M — > N one associates 
the following map P 1 (p) 

E -» N ®m E C iV 2 

which replaces e £ Ma(M) by p(e) £ M2(N). The condition of rank one means that 
for any prime ideal p £ SpecM one has e p (e) ^ {0, 1} where e p is the morphism 
from M to Fi[M p x ] (where M p = S^M, with 3 = p c ) given by 

e p (y) = 0, Vyep, e p (y)=y, Vy £ p. (33) 

Now, we compare IP with the 3Jlo-functor 

V{M) = MU A/ x M (34) 

where the gluing map is given by x — ► In other words, we define on the 

disjoint union M U M an equivalence relation given by (using the identification 
M x {1,2} = MUM) 

(.t,1) - (s -1 ,2) Vx£AI x . 
Wo define a natural transformation e from P to by observing that the matrices 

e i( a )=(a o)' 62(6)= (o l)' a ' beM 
are idempotent (e 2 = e) and their ranges also fulfill the following property 
Imei(a) = Ime2(fe) ab = 1. 



Note that we need the 0-element to state this condition 
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Lemma 3.12. The natural transformation e is an isomorphism i.e. 



V{M) = M U M x M = Pi{M). 



Moreover, the two copies of M define an open cover of by representable sub- 
functors T> 1 . 

Proof. We show that an idempotent matrix e £ M 2 (M) of rank one, with each line 
having at most one non-zero entry is of the form ej{a) for some j £ {1,2}. First 
we claim that one of the matrix elements of 



must be invertible. Otherwise, by localizing M at the prime ideal pM = (M x ) c 
one would obtain the zero matrix which contradicts the hypothesis of rank one. 
Assume first that a is invertible. Then b = 0, and from the idempotency condition 
on e one gets that a 2 = a and hence a = 1. Now we show that d = 0. Again from 
the condition e 2 = e one gets d 2 = d. Then, if d =fi there exists a prime ideal 
p C M such that d ^ p. This because the intersection of all prime ideals is the set 
of nilpotent elements. More generally, one knows (Qj]) that given an ideal / C M, 
the intersection of the prime ideals p C M, with p D I coincides with the radical 



Thus, by localizing M at p one gets that e is the unit matrix at p which contradicts 
the hypothesis of rank one. Thus d = and e = ei(c). 

If b is invertible then a = 0, bd — b so that d = 1 and c = thus e = 62(6). 

The two other cases are treated in a similar manner. The functor V admits by 
construction two copies of the functor T) 1 embedded in it as subfunctor. We need 
to show that these two subfunctors are open in P^_: we prove it for the first copy 
of V 1 . Let TV be an object of 9Jto. A morphism spec (A) — > F|_ (in the category 
of SEJlo-functors) is determined by an element z £ F|_(A). If z belongs to the first 
copy of N, it follows that for any p £ Homgjio ( N, M) , p(z) is in the first copy of 
T> 1 (M). In this case one can take I — N . Otherwise, z belongs to the second copy 
of A and in this case, likewise in the above Example 1 3. 5 [ one takes / = zN . The 
local representability follows since V 1 is representable. □ 

Example 3.13. Let M be a monoid and let I C M be an ideal. Consider the 
9Jlo-functor D(I) of Example 13.61 The next proposition states that this is an SEJto- 
scheme. 

Proposition 3.14. 1) Let f £ M and I = fM. Then the subfunctor D(I) C 
specM is represented by Mf. 

2) For any ideal I C M , the DJlo-functor D(I) is an 9Jto-.se/ieme. 
The proof is straightforward. 

3.6. Geometric realization. 

As in the case of Z-schemes (and following similar set-theoretic precautions as the 
ones stated in the preliminary chapter of [TD]), it can be shown that any 97to-scheme 




of/ 



P| p = V7 := {x £ M\3n £ E,x n £ /}. 

PD-f 
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X can be represented in the form 

X(N) = Hom(Spec (N),X) N G Obj(OTo), (35) 

where X is the associated geometric space, i.e. the geometric realization of X_. In 
this framework, a geometric space is properly defined by 

• A topological space X 

• A sheaf Ox of monoids on X. 

For details on the properties of the geometric spaces which are locally of the form 
Spec (M) we refer to [TB] , [7] and [5] . Notice that there is no need to require that 
the stalks of the structural sheaf of a geometric space are "local" since any monoid 
has already a local algebraic structure. We recall only a few concepts from the 
basic terminology and we refer to [10], [16], [7] and [8] for details. A morphism 
p : Mi — ► Mi of monoids is said to be local if p _1 (M 2 *) = M*. A morphism 
ip : X — » Y between two geometric spaces is given by a pair (<p, </?") of a continuous 
map tp and a local morphism of sheaves of monoids 

r(v,o Y )^T(<p- 1 (v) 1 Ox) 

i.e. the map of stalks O v m — > O x is local. 

The sheaf of monoids associated to the prime spectrum Spec (M) satisfies the fol- 
lowing properties: 

• The stalk at p e Spec (M) is O p = S^M, with S = p c . 

• For any / G M, the map p : M/ -> T{D{JM),0) defined by 

¥>(a;)(j>) = a//" G O p Vp G D(/M) , Vx = a/f n G M ; 
is an isomorphism. 

• On an open set U C Spec (M), a section s G r(t/, O) is an element of IlpG(7 
such that on any open set D(f) C U its restriction agrees with an element in Mf. 

For any geometric space (X,Ox), one defines (as in |10j ) a canonical morphism 
: X ^ Spec (O(A)). 

Definition 3.15. A geometric space (X,Ox) is a prime spectrum if the morphism 
ipx * s an isomorphism. It is a geometric 9Jto-scheme if X admits an open covering 
by prime spectra. 

The terminology is justified since the 97to-functor X_{M) = Hom(SpecM, X) asso- 
ciated to a geometric SCTlo-scheme X is an SCTlo-scheme in the sense of Definition 13.91 
We can now state 

Proposition 3.16. Under the same set-theoretic conditions as in |10j . any 9Jto- 

scheme X_ can be represented in the form 

X(N) = Hom(Spcc (N), X), (36) 
for a geometric 9Jto-sc/ieme X which is unique up to isomorphism. 

The proof of this proposition follows the lines of that for Z-schemes exposed in [10] . 
The geometric realization X (\X\ in the notation of [10]) is constructed canonically 
as an inductive limit of prime spectra: cf. Proposition 4.1 of op.cit. Proposition ^. 81 
ensures that the natural map from Hom(Spec (N), X) to X_(N) is surjective. 
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3.7. Restriction to abelian groups. 

In this section we describe the functor obtained by restricting 97lo-schemes to the 
category 2lb of abelian groups. We first recall the definition of the natural functor- 
inclusion of 2lb in Wlo. 

Proposition 3.17. The covariant functor 

Fi[ • ] : 2lb -► Wlo H ¥±[H] 

embeds the category of abelian groups as a full subcategory of the category of com- 
mutative monoids. 

Proof. We show that the group homomorphism 

Hom a , (H, K) — > Hom OTo (Fi [H } , Fj [A'] ) -> F x [0] 

is bijective. It is injective by restriction to H d ¥i[H], Moreover, any unital 
monoid homomorphism in Homgrjio(Fi[i?],Fi[A^]) preserves the absorbing elements 
and sends invcrtible elements to invcrtiblc elements since it is unital. Thus it arises 
from a group homomorphism. □ 

We shall identify 2lb with this full subcategory of Wlo. Of course, any SOTo-functor 
X : Wlo — > Sets can be restricted to 2lb and it gives rise to a functor taking values 
in Sets. 

In fact, there is a pair of adjoint functors: 2lb — ► Wlo, H i— > Fi[iJ] and Wlo — > 
2lb, M i ► M x linked by the isomorphism 

Homgjto (Fi [H] , M) = Hom ab (H, M x ). 

Moreover, for a monoid M, the Weil restriction of the functor specM, is defined 

by 

2lb^6ets, ff ^Homgjt (M,Fi[H]). (37) 

The next proposition shows that the restriction to 2lb of an 9Jlo-scheme is a direct 
sum of representable functors. 

Proposition 3.18. Let X_ be an Wlo-scheme and X its geometric realization. Then 
the (restriction) functor 

X : 2tb -> Sets, H i-> Hom( Spec ¥i[H], X) =X(F 1 [lf]) 

is the disjoint union 

X{¥i[H}) = (J xe xXx{H), X*{H) = Hom %b {O y x ,H). (38) 

Proof. Let ip E Hom(Spec Fi [//"], X). The unique point p 6 SpecFi[iJ] corresponds 
to the ideal (0). Let ip(p) = x s X be its image; there is a corresponding map of 
the stalks 

ip* :O v{p) ^0 9 =¥ l [H\. 

This homomorphism is local by hypothesis: this means that the inverse image 
of (0) by ip# is the maximal ideal of V ( P ) = O x . Therefore, the map is 
entirely determined by the group homomorphism p G Homat (0* , H) obtained as 
the restriction of tp# . Thus tp £ Hom(SpecFi[lf], X) is entirely specified by a point 
x e X and a group homomorphism p e Homat, (0£ ,H). □ 
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In algebraic geometry, given an algebraic variety X one knows that the degree of 
transcendence of the residue field k(x) of a point x € X measures the dimension 
of the closure {x} C X. For an 9Jto-scheme one has the following corresponding 
(local) notion 

Definition 3.19. Let X be a geometric dJlo-scheme and let x € X be a point. The 
local dimension n(x) of x is the rank of the abelian group 0* . 

The local dimension determines a natural grading on the restriction of an 9Jlo- 
scheme X_ to 2lb by assigning the degree n(x) to the subset X^_(H) C X_(¥i[H]) in 
the decomposition (|38[). 

Proposition 3.20. The restriction to Wo of the following DJlo-schemes X_ coincides 
as a functor to Z>o -graded sets with the functors defined in [2] 

(1) Finite abelian groups D: X_ = specFi[Z?] 

(2) Tori G m : X = specF![Z] 

(3) Affine space V n : X = specFj[Ti, . . . ,T n ] 

(4) Projective line X_ = Pj^ 

Proof. 1) The space SpecFi[£>] has a single point and the local dimension is 
which agrees with example 3.1 of [2J. 

2) The space SpecFi[Z] has a single point and the local dimension is 1 which agrees 
with example 3.2 of [2J. This extends immediately to higher dimensional tori. 

3) Let M = Fi[7i, . . . , T n ] = {0} U {Tf 1 • • • T^ \ aj e Z> }. A prime ideal p of M 
is of the form p = Uj £ ,/TjM, where J is a subset of {1, . . . , n}. One has Op ~ % J , 
generated by the Tj's, with j ^ J. Thus the local dimension of SpecM at p is the 
cardinality of J c and this agrees with example 3.3 of [2J. 

4) The geometric realization is obtained by gluing two affine lines (c/. [7] and 
@ and consists of three points = {0, u,oo} where the local dimension is zero 
at and oo and is one at u. This agrees with example 3.4 of [2J. □ 

4. The category WIDX and Fi-Schemes 

As we already remarked in [2j (c/. §4), the definition of the (affine) variety over Fi 
for a Chcvallcy group is inclusive of the datum given by a covariant functor to the 
category Sets of sets, fulfilling much stronger properties than the ones required orig- 
inally in |21j (for affine varieties). The domain of such functor is a category which 
contains both the category of commutative rings and that of monoids (these two 
categories being linked by a pair of adjoint functors) and moreover in the definition 
of the variety one also requires the existence of a suitable natural transformation. 
In this section we develop the details of this construction following an idea we learnt 
from P. Cartier. The introductory subsection H4. II develops some generalities on the 
gluing process of two categories linked by a pair of adjoint functors. In ^4.21 we 
also treat in this generality the extension of functors. The specific case of interest is 
covered in £|4.3l where we show that Chevalley groups arc schemes over F]2 . Finally, 
in ^4.41 we extend the computation of zeta functions of [S] (Theorem 1) to our new 
setup which is no longer restricted to toric varieties (as it covers in particular the 
case of Chevalley groups). 
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4.1. Gluing two categories using adjoint functors. 

We consider two categories C and C and a pair of adjoint functors : C — > C and 
0* : C — > C. Thus, one has a canonical identification 

Home (P(H ), R) <! Horned, /3*(R)) V H G Obj(C), i? G Obj(C'). (39) 

The naturality of $ is expressed by the commutativity of the following diagram 
where the vertical arrows are given by composition. V/ G Bomc(G, H) and \fh G 
Borne (R, S) 

Home* (J3(H),R) — ^Bome(H, 0*(R)) 



Honi(/3(/),h) 



HomWW) (40) 



Hom c , (/3(G), 5) -^Hom c (G,/3*(S)) 

We shall now define a category C" = C Ug^. C obtained by gluing C and C. The 
collection^] of objects of C" is obtained as the disjoint union of the collection of 
objects of C and C. For R G Obj(C') and ff G Obj(C), one sets Hom c » (R,H) = 0. 
On the other hand, one defines 

Hom c »(^,-R) = Rome (0(H), R) = Bomc(H,0*(R)). (41) 

The morphisms between objects contained in a same category are unchanged. The 
composition of morphisms in C" is defined as follows. For <j) G Home (H, R) and 
tp G Home(-ff', H), one defines <j> o -0 G Home (if', -R) as the composite 

<t>°P(ip) G Borne, (J3(H'),R) =Bomc>,(H',R). (42) 

Using the commutativity of the diagram (|40|) , one obtains 

o/?(V>)) = $(0)o G Hom c (F',/3*(-R)). (43) 

Similarly, for 6 G Home -R') one defines 8 o <j> £ Home (-ffj as the composite 

9 o g Home C3(ff), = Hom c « (if, R') (44) 

and using again the commutativity of (|40[) one obtains that 

$(6l o 0) = 0*(6) o $(0) G Hom c (if, /?*(#))• (45) 

Moreover, one also defines specific morphisms an and a' R as follows 

a H = id m) G Hom c , ((3(H), /3(H)) = Hom c „ (If, 0(H)) (46) 

<4 = $" x (idp. ( R ) ) G $- 1 (Hom c (/F (f?), /T (#))) = Hom c , (/3* (f?) , R). (47) 
By construction one gets 

Hom c » (if, R) = {g o a H \ 9 G Home (/?(#), f?)} (48) 
and for any morphism p G Home (H, K) the following equation holds 

a K o p = 0(p) o a H . (49) 

Similarly, it also turns out that 

Hom c . (if, R) = {a' R o / | / G Hom c (if, /?* (J2))} (50) 
and the associated equalities hold 

o/ 5 o 0* (p) = p o a ' R Vp G Hom C / (f?, S) (51) 



^It is not a set: we refer for details to the discussion contained in the preliminaries of 1 101 
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g o a H = a' R o V5 G Hom C / (/?(#), i?). 



(52) 



Proposition 4.1. C" = C Up p* C is a category which contains C and C as full 
subcategories. Moreover, for any object H of C and R of C , one has 

Hom c „(H,R) = Hom c ,{P{H),R) Hom c (H, (3*(R)). 

Proof. One needs to check that the composition o" of morphisms is associative 
in C" i.e. that h o" (g o" /) = (ft o" g) o" f. The only relevant case to check is 
when the image of / is an object H of C and the image of g is an object R of C 
Then f(G) = H, with G an object of C and h(R) = S an object of C . One has 
g G Rome (/3(H), R) and 

.9 o" / = g o /?(/) , ft o" (.g o" /) = ft o (.g o (3(f)) = (ft o g) o /3(/) = (ft o" 5 ) o" / 

□ 

4.2. Extension of functors. 

We keep the notations introduced in ^4. II and let (f3, (3*) be a pair of adjoint functors 
linking C and C, i.e. (3 : C — > C and /3* : C — > C and the isomorphism holds. 
Let .F : C — > T and J 7 ' : C — > T be covariant functors to the same category T. It is 
straightforward routine to verify that the assignment of a natural transformation 
T — > .F' o /? is equivalent to giving a natural transformation J- o (3* — > .F'. By 
implementing in this setup the category C" = C Up,p* C defined in £14.1i one obtains 
the following more precise result 

Proposition 4.2. 1) With the above notation, let T" : C" — > T denote a covari- 
ant functor. Then the assignment H 1— > J~"(cih) defines a natural transformation 
•F"|c — > T"\c /? and analogously the assignment R 1— > T"(a' R ) defines a natural 
transformation T"\c ° /3* — > .F"|c'. 

£,) Lei T : C T and T 1 : C — » T be covariant functors. Then 

a) Given a natural transformation T — > T' o /3 ; tftere exists a unique covariant 
functor J 7 " which extends J-, T' and agrees with the natural transformation on the 
morphisms an- 

b) Given a natural transformation T o (3* — ► J 7 ', fftere exists a unique covariant 
functor T" which extends T , T 1 and agrees with the natural transformation on the 
morphisms a' R . 

Proof. 1) follows from (g5J) and 

2) a) A natural transformation .F — > .F' o /3 determines, by (|48p . the extension from 
CUC' to C"=CUp t p*C. 

2) 6) The proof is similar to the proof of 2a). □ 

Let us assume now that we are given a functor T : C — > T, where T = (Sets. In 
the following we shall investigate under which conditions T admits an extension to 
C" = C Up,p. c. 

Notice first that if T is representable, then it admits a unique representable exten- 
sion to C" . Indeed, the representability of C amounts to the existence of an object 
G in C such that 

T(H) = Rom c (G,H) ViJ G Obj(C). 
If the extension of T is represented by an object of C" then this object must 
necessarily belong to C, since by definition of C" there is no morphism of C" from 
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an object of C to an object of C. Moreover, by restriction to C one gets the 
uniqueness of the extension. Thus, any extension of T to C" which is represented 
by an object of this latter category is unique (as a rcprcscntablc functor) and is 
given on C by 

T'{R) = Hom C / (/3(G), R). (53) 

The natural transformation T — > T' o (3 is simply given by the restriction of the 
functor (3 

(3 : Hom c (G, H) -> Home (P(G), (3(H)). 
Similarly, the natural transformation T o f3* — > T' is defined by the identity map 

Hom c (G,/3*(i?)) -> ^'(i?) = Home (/3(G) = Hom c (G, (3*(R)). 
Thus, the following result holds 

Proposition 4.3. Let T : C — > Sets &e a representable functor. 

1) There exists a unique extension T of T to C" = C Up p* C as a representable 
functor. 

2) Let Q be any extension of J- to C" = C Up g* C. Then, there exists a unique 
morphism of functors from T to Q which restricts to the identity on C. 

Proof. For 1), we notice that the object of C representing T is unique up to iso- 
morphism and it represents T . 

The proof of 2) follows from the following facts. If A G Obj(C) represents T . by 
applying Yoncda's lemma [i.e. Nat(.F, Q) ~ G{A)) we know that there exists a 
uniquely determined natural transformation </> : T —* Q associated to any object p 
of Q{A): the pair (</>, p) being linked by the formulas p = 4>(A)(i&a) & G(A) and 
4> = (p\R)((3) = Q(f3)(p)). But since the restriction of <f> to C is the identity map 
from J 7 (A) to Q(A) = J- (A), one obtains the required uniqueness. □ 

The following corollary shows that even though the extension J 7 of J 7 to C" = 
C Up.p* C is not unique it is universal. 

Corollary 4.4. Let T : C — > (Sets be a representable functor and let T' : C — > 6ets 
&e defined as in (|53[) . Lef 5' 6e a functor from C to 6ets and let <j) : J- ^> Q' o [3 
be a natural transformation. Then there exists a unique morphism of functors 
Tp : T' — > 0' sitc/i f/iaf 

0h = ^(H) o ^(a H ) VH e Obj(C). (54) 

Proof. Given (j) and G', there exists by Proposition 14.21 a unique extension Q of T 
to C" = C Up^p* C which restricts to Q' on C and is such that 

4>h = G(a H ) VH G Obj(C). 

A morphism of functors from T to Q extending the identity on C is entirely specified 
by its restriction to C which is a morphism of functors ip from T' to Q' and it must 
be compatible with the morphisms an- This compatibility is given by (|54j) . Thus 
the existence and uniqueness of ip follows from Proposition ^. 31 □ 

The next proposition states a similar, but simpler, result for extensions of functors 
from C to the larger category C" = C iip.js* C. 
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Proposition 4.5. Let T' : C — > (Sets 6e a functor. 

1) There exists a unique extension T of T 1 to C" = C U^ j( 9» C given by T' o /3 on C 
and such that J- (an) = idprm for all objects H of C. 

2) Let Q be any extension of T' to C" = C Up C , then there exists a unique 
morphism of functors from Q to T which is the identity on C . 

Proof. The first statement follows from 2) of Proposition 14.21 by using the identity 
as a natural transformation. Similarly, for the second statement, again 2) of Propo- 
sition d21 determines a unique morphism of functors 4> given by 4>{H) = G{olh) and 
obtained from the restriction of Q to C to Q o (3 — T' a (3. We extend <f> as the 
identity on C . The commutative diagram 

G(H) G ±^g(p( H )) 

4>h (55) 

shows that one obtains a morphism of functors from Q to T . The same diagram 
also gives the uniqueness of </>. □ 



4.3. Fi-Schemes and Chevalley groups. 

We now apply the construction described in ^4.1j[4~2l to the pair of adjoint covariant 
functors (3 and (3* which are defined as follows. The functor 

13 : Tto -> mxiQ , M i — * 0(M) = Z[M] (56) 

associates to a monoid M the convolution ring Z[M] (the element of M is sent 
to 0). The adjoint functor [3* 

[3* : King -^Wlo R^f3*(R)=R (57) 

associates to a ring R the ring itself viewed as a multiplicative monoid. The ad- 
junction relation means that 

Rom mnB (f3(M),R) ~ Kom mo (M, f3*(R)). (58) 

Now, we apply Proposition 14.11 to construct the category = King U^ i( g» 9Jto. 
Thus, one obtains for every object R of 9itng, a morphism 

a' R G Rom m < K (f3*(R),R) (59) 

and the following relation between the morphisms of 

/ ° "a = «s ° W) . V/ G Hom« lnfl (i?, 5). (60) 

Similarly, for every monoid M one has a morphism 

a M G Hom OT <n(M,/3(M)) (61) 

together with the relation 

/?(/) oa M = a w o/,V/€ Hom OTo (M,iV). (62) 

Definition 4.6. V\-functor is a covariant functor from the category = 
TOng 97to to the category of sets. 

23 



Then, it follows from Proposition 14.21 that giving an Fi-functor X : — > (Sets is 
equivalent to the assignment of the following data: 

• An Otto-functor X. 

• A Z- functor X%. 

• A natural transformation e : X_ — > X^ ° (3. 

The third condition can be cquivalently replaced by the assignment of a natural 
transformation Ioj3* ^ X%. 

Now that we have at our disposal the category 9JID\ obtained by gluing 9Jlo and 
TOng we introduce our notion of an Fi-schcme. 

Definition 4.7. An Wi-scheme is an Fi-functor X : 9JWt — > 6ets, such that: 

• The restriction Xz of X to $Hing is a "Z-scheme. 

• The restriction X_ of X to 97lo is an dJlo-scheme. 

• The natural transformation e : X_ o (3* — > X% associated to a field is a bijection 
(of sets). 

Morphisms of Fi-schcmes are natural transformations of the corresponding functors. 

Notice that even though the restriction X_ of X to 9Jlo is an SOto-scheme, the com- 
posite X_ o (3* is not in general a Z-scheme since it is not a local Z-functor. As 
an example, one may consider the case of X = P : here, the above composition 
of functors determines only a smaller portion of the projective line as a Z-scheme. 
However, one can associate to X_ o (3* a unique Z-schcmc Y that is defined by 
assigning to a ring R the set Y(R) of solutions of {27}, using X_ o (3* and an ar- 
bitrary partition of unity in R. Proposition 14.31 describes a canonical morphism of 
Z-schemcs from Y to X%. However, this morphism is not in general an isomorphism: 
we refer, for instance, to the case of Chcvallcy groups described in [2]. Proposi- 
tion 14.51 describes the natural morphism from the SOto-scheme X_ to the "gadget" 
(cf. [2] Definition 2.5) associated to the Z-scheme X%. 

Definition 14.71 admits variants corresponding to the extensions Fin. For Chevalley 
schemes we shall need to consider only the case n = 2. One defines the category 
Tlo {2) of pairs made by an object M of 9Jto and an element e € M of square one. 
One defines the functors (3 : 50?o (2) -> 9\ing as p(M, e) = Z[M, e] 

[3(M, e) = Z[M, e] = Z[M]/J , J = (f + e)Z[M] (63) 

and (3* : 5Hing -> 97lo (2) as f3*(A) = (A, -1), where (A, -1) is the object of 97to (2) 
given by the ring A viewed as a (multiplicative) monoid and the element -1 £ A 
Then, the following adjunction relation holds for any commutative ring A 

Homcm n0 (/3(M,e), A) = Hom OTo(2 , ((M, e), /3*(A)). (64) 

Finally, we have the following result 

Theorem 4.8. The scheme © over Z associated to a Chevalley group G extends 
to a scheme Q over F12. 

Proof. The proof follows from [2] Theorem 4.1, where we showed that 

(2) 

• The construction of the functor G extends from the category T ab of pairs (D, e) 
of a finite abelian group and an element of order two to the category Tlo^ 2 \ 
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• The construction of the natural transformation ea extends from J-j^ to the 
category DJlo^ and associates to any A € Obj^ing) a map 

e G ,A- G(A,-l)->e(A) (65) 

• When A is a field the map ec,A is a bijection. □ 

The map ea,A of |65|) is constructed in [2], cf. proof of Theorem 4.1, it yields the 
natural transformation from Go/3* to (5 (and using (|52p the corresponding natural 
transformation from G to <8 o (3). For iJ g Obj(2lb), this natural transformation 
is compatible with the group structure on the subset G} e \H). We recall that 
G^(H) C G(H) is the part of lowest degree (I = rk (5) in the grading of G (c/. 
Definition [3T21). 

4.4. Zeta function of Noetherian Fi-schemes. 

We recall that a congruence on a monoid M is an equivalence relation which is com- 
patible with the semigroup operation. A monoid is Noetherian when any strictly 
increasing sequence of congruences is finite (cf. page 30). The following condi- 
tions on a monoid M are equivalent (cf. [11]: Theorems 7.7, 7.8 and 5.10) 

- M is Noetherian. 

- M is finitely generated. 

- Z[M] is a Noetherian ring. 

It is proven in [TT] (Theorem 5.1) that if M is a Noetherian monoid, then for any 
prime ideal p C M the localized monoid M p is also Noetherian (the semigroup p c is 
finitely generated and thus Mp is also finitely generated). The same theorem also 
shows that the abelian group (M p ) x is finitely generated. 

Definition 4.9. An 9Jlo-scheme is Noetherian if it admits a finite open cover by 

representable subfunctors spec(M), with M Noetherian monoids. 

An ¥\-scheme is Noetherian if the associated 9Jto and 1,-schemes are Noetherian. 

A geometric 9Jlo-schcme X is said to be torsion free if the groups O* of invertible 
elements of the monoids O x , for x G X are torsion free. The following result is 
related to Theorem 1 of [9], but it applies to a wider class of varieties (i.e. non 
necessarily toric) 

Theorem 4.10. Let X be a Noetherian ¥i-scheme and let X be the geometric 
realization of its restriction X_ to dJlo. Then, if X is torsion free, 

(1) There exists a polynomial N(x + 1) with positive integral coefficients such 
that 

#2C(Fi») = N(n + 1) , Vn 6 N. 

(2) For each finite field ¥ q the cardinality of the set of points of the Z-scheme 
X% which are rational over ¥ q is equal to N(q). 

(3) The zeta function of X has the following description 

c*« = n - L-c, m 

xeX (I ~ -) 

where £g> denotes Kurokawa's tensor product andn(x) is the local dimension 
of X at the point x. 
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In (|66p . we use the convention that when n{x) = the expression 

s 

We refer to [17] and [19] for the details of the definition of Kurokawa's tensor 
products and zeta functions. When X is the projective line Pp , one has three 
points in X: two are of dimension zero and one is of dimension one. Thus (|66[) 
gives 

Formula (|66|) continues to hold even in the presence of torsion and in that case it 
corresponds to the treatment of torsion given in [9] . 

Proof. (1) By construction, X(¥-\n) is the set obtained by evaluating the restriction 
of X_ (from the subcategory Wlo of 97tfK) on 2lb, at the cyclic group H = "L/nL. By 
Proposition 13. 181 one has 

X(H) = UX X (H), X x (H) = Kom m (0*,H). (67) 

Since X is Noetherian it is a finite topological space and for each x £ X the abclian 
group 0* is finitely generated and torsion free by hypothesis. The rank of 0* is 
n(x) and thus the set X_ X (H) = Hom<xb(0* , H) has cardinality n n ( x >. It follows 
that 

p{y) = E 

is a polynomial function in the indeterminate y with positive integral coefficients 
which is related to the counting function of X by the equation N(x + 1) = P(x). 
Then (1) follows. 

(2) follows from (1) and the fact that the natural transformation e (which is part 
of the set of data describing an Fi-scheme, cf. Definition 14. 7p evaluated at any field 
is a bijection. In the case of a finite field ¥ q , the corresponding monoid is FifJf] for 
the cyclic group H = TLjnL of order n = q — 1. 

To prove (3), we start by computing explicitly the Kurokawa's tensor product (for 
n > 0) as follows 



= JJ (s-n + j)G)/ ]J(s-n + jp). (68) 

j even j odd 

The above equality is a straightforward consequence of the definition of the Kurokawa's 
tensor product since the divisor of zeros ofl— iis{l} — {0} and its n-th power is 
given by the binomial formula 



({l}-{0})" (£) 



To obtain ([66|) we use ([67]) to express (x (s) as a product over the points of X and 
then we apply the well-known fact 

d d 
N(x) = E a k x k =► Cx(s) = l[(s - ky a * (69) 
o o 

26 



and fUS)) to show that the zeta function for the polynomial (q — \) n is the inverse 
of (!-!)•". □ 

5. The projective adele class space 

In this section we develop an application of the functorial approach of the theory of 
9Jto-schemes described in Sj3]to explain, at a conceptual level, the spectral realization 
of zeros of ^-functions for an arbitrary global field K. 

5.1. Vanishing result for 9Jlo-schemes. 

In this subsection, we shall first briefly review some standard facts on sheaf coho- 
mology and then we will show that for sheaves of abelian groups over (the geometric 
realization of) an 9Jlo-scheme, sheaf cohomology and Cech cohomology agree. 

Given a topological space X, we denote by 2lb(X) the category of sheaves of abelian 
groups on X. It is a well-known fact that 2lb(X) is an abelian category with enough 
injectives (c/. [12], Propositions 3.1.1 and 3.1.2). For any open subset U C X the 
functor 

T(U,-) :2tb(X) — >2tb, F h-> T(U, F) = F(U) 

describes the space of sections of F on U and it is left-exact. Its derived functor 
defines the sheaf cohomology H(U. F). Moreover, for any point x 6 A' the functor 
'stalk of F at cc' 

2lb(X) — ► 2tb, F i-> lim r(Z7, F) =: F x (70) 

xeu 

is exact. 

Proposition 5.1. Let X be the geometric realization of an dJlo-scheme, then the 
following results hold 

1 ) For any open affine set U C X 

H P (U, F) = Vp > 0, V F £ Obj 2lb(X). (71) 

2) LetlA = {Uj}j,= j be an open cover of X such that all finite intersections f) - fc Uj k 
are affine, then for any sheaf F of abelian groups on X, one has 

H p (X, F) = H p (U, F) Vp>0 (72) 

where the cohomology on the right hand side is the Cech cohomology relative to the 
covering U. 

3) Let Y = U c be the complement of an affine open set in X . Then for any sheaf 
F of abelian groups on X one has the exact sequence 

-» H^(X,F)^ H°(X,F)^ H°(U,F\u) (73) 

-► H$,(X,F)->H 1 (X,F)->0 

where Hy{X,F) denotes the cohomology with support on Y. 

Proof. 1) Let U = SpecM, where M is a monoid in 9Jlo. Then any open set 
V C U which contains the closed point p = (M x ) c of U coincides with U (cf. §3.2 
Lemma 3.3). Thus the stalk F p is equal to T(U,F) = F(U) and the result follows 
from the exactness of the functor 'stalk at p' (|70|) . 

2) follows from 1) in view of the equality of H P (X,F) with the Cech cohomology 
relative to the covering U, under the assumption that for all finite intersections 
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V = f] Jk U jk of opens in U one has H p (V, F) = , Vp > (cf. [13], Exercice III, 
4.11). 

3) Following [13] III 2.3, one has for any sheaf F of abelian groups on X, a long 
exact sequence of cohomology groups 

-► H$r(X,F) -> H°(X,F) -► H Q (U,F\u) (74) 
-> H^(X,F)^H 1 (X,F)^H 1 (U,F\ U ) 
H^(X,F) ^ ■■■ 

where denotes the restriction of the sheaf F on the open set {/. Thus 3) follows 
from (f?4"]) and the vanishing of i^jf/) shown in 1). □ 



5.2. The map to the base. 

We recall that an SDto-scheme is (in particular) a covariant functor Wlo — > Sets, 
AI — ► 2l(M) an d that there exists a unique geometric space X associated to X_ and 
satisfying the property that X(M) = Hom(Spec (M), X). For each monoid M, we 
let pM be its maximal ideal: this is the complement of M x in AI . 

Proposition 5.2. Let JC_ be an yflo-scheme and let X be its geometric realization. 

1 ) For any monoid M there exists a canonical map of sets 

tt m : X(M) -> X (75) 

such that 

ttm(0) = 4>(Pm), 6 ffom(Spec (M), X). (76) 

2) Let U be an open subset of X and let U_ be the associated open subfunctor of X , 
then 

U(M) = ^(U)czX(M). (77) 

Proof. 1) is a definition of the map ttm- 

2) holds since for e X(M) = Hom(Spec (M),X) one has 

4>(Pm) e U <=> 0~ 1 (17) = Spec(M). 

□ 



5.3. The monoid M = Ak/K x of adele classes. 

Let K be a global field. The idele class group Ck is the group M x of invcrtible 
elements of the monoid 

il/ = A K /K x , K X =GL!(]K). (78) 

We consider the SHo-functor Pp associated to the projective line of Example 13. Ill 
The geometric realization of Pp (cf. [7] and ^3] above) is the finite topological space 
P F whose underlying set is made by three points P F = {0, u, oo} 

{0} = {0}, {u} = P Fl , {oo} = {oo} (79) 
and whose topology is described by the following three open sets 

f/ + =P Fl \{oo}, C/_=P Fi \{0}, u = u+nu^. (80) 
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We apply this construction to M = Ak/K x and obtain the projective adele class 
space P Fl (Af). The canonical projection (|75|) is given by 

7T M : P Fl (M) = M U M x M -> P Fl . (81) 

It maps an element of M x = Ck to u G P r and the complement of M x = Ck to 
or co accordingly to the two copies of M\M x inside P F (M). 

5.4. The space of functions on the projective adele class space. 

To define a natural space S{M) of functions on the quotient space M = Ajj/K x of 
adele classes we consider the Bruhat-Schwartz space S(A K ) of the locally compact 
abelian group Ar and the space of its coinvariants under the action of K x (c/. pQ). 
More precisely we start with the exact sequence associated to the kernel of the 
K x -invariant linear forms e(f) = (/(0), / Aje f(x)dx) eCffl C[l], 

0^5(A K )o^5(A K ) AC®C[1]^0. (82) 

Then one lets 

S(M) = S (M) ffiCffl C[l] , S Q (M) = 5(A K ) /{/-/,} (83) 

where {/ — f q } denotes the closure of the subspacc of 6>(Ak)o generated by the 
differences / — f q . with q E K x . 

We now introduce the functions on the projective adele class space P F (A/). We 
start by defining the sheaf fl on P F which is uniquely determined by the following 
spaces of sections and restriction maps 

T(U+,n) = S(M) 
r(LT_, SI) = S(M) 

r(E/+nc/_,fi) = s^Ck) 

where, for a number field K, Soo(Ck) is defined as follows 

Soo(C K ) = n pm ^S(C K ) = {f e S(C K ) I pPj e S(C K ) , V/3 e R}. (84) 

Here \x € C(Cr) denotes the module [i : Ck — > P+, /U^(<7) = Mff)' 3 an( A <S(Ck) is the 
Bruhat-Schwartz space over Ck (c/. [BJ, [10]). The restriction maps to U = U+DU- 
vanish on the component C ffi C[l] while on the other components they are defined 
as follows 

(Res /)(,?) = KM), f eS (M)cr(U + ,Q) 

gGKx 

(Resh)(g) = X) Mfffl" 1 ). h€S (M)cT(U-,n). (85) 

We also introduce the notation: 

S(/)G?)= 2 ( 86 ) 
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5.5. H (PjJr^Q) and the graph of the Fourier transform. 

The Ccch complex of the covering U = {U±} of Pp has two terms 

c° = r(u+,n) x T(U-,n) 
c 1 = r(u+nU-,n). 

The coboundary d : C° — > C 1 is given by (c/. Q86p) 

- S(/)(. 9 ) - Iffl-^^Cg- 1 ). (87) 
Lemma 5.3. The kernel of d is the graph of the Fourier transform i.e. 



#°(P Fl , 0) = {(/, | / G 5(A K ) /{/ - fg}} © 2C © 2C[1]. 

Proof. Let a be a nontrivial character of the additive group Ak/K- The lattice 
IK C Ak is its own dual. The Fourier transform 



F(f)(a)= / f{x)a(ax)dx (89) 

depends on the choice of a but is canonical modulo the subspace {/ — f q } and a 
fortiori modulo its closure {/ — f q }. We recall that the Poisson formula gives the 
equality 

£/(3) = !>(/)(<z) V/e5(A K ) 

where F denotes the Fourier transform. When applied to elements of 6>(Ak)o it 
gives 

£ h{g-\) = \g\ ]T F{h){9q)- (90) 

In particular, for (/, h) £ Kerd one gets 

V{Fh){g) = Ipl" 1 !]^)^- 1 ), (91) 

thus one obtains 

E(/ — Fh) = (92) 

which shows that / — Fh £ {f — fq}, by applying Lemma 5.4 of [20]. □ 

5.6. Spectral realization on i7 1 (Pp i ,f2). 

The action of the idele class group Ck on the sheaf f2 is defined as follows 

0+(\)f(x) - /(A- X x), V/Gr(f/ + ,fi) (93) 

»?-(A)/(x) = |A|/(Ax), v/er(tr_,n) 
j?(a)/(x) - /(A- X x), v/er(c/+n£/_,fi). 

To check that the equalities (|93"|) determine a well-defined action of Ck on the sheaf 

f2, we need to show that (|93"|) is compatible with the restriction maps (|85|) . This is 
clear for the restriction from [7+ to {/. For the restriction from {/_ to [/, one has 

Res(i?_(A)/)a7) = Ifll" 1 J2(V-(\)f)(qg- 1 ) = \g\- 1 £ lAj/CAg^" 1 ) 

while 

tf(A)Res(/)( 5 ) = Rcs(/)(A- 1 . 9 ) = lA^I" 1 £ /(sCA -1 *?) -1 ) 
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and this shows the required compatibility. 



Let w be the element of the Weyl group W of PGL2 given by the matrix 

1 

1 

This element acts on Ck by the automorphism g t— > g _1 . This determines the 
semi-direct product N = Ck x W. The element w acts on Pp by exchanging and 
00. 

We lift the action of w to the sheaf O as follows. We consider the sheaf w" 1 ^ which 
is defined by 

r(v, w^n) = r(w(V), o) vv open. (94) 

Then, we define the following morphism of sheaves w# : Q — > w~ Q, 
w#f = feT(U-,Q), Vf€T(U + ,Q) 

W# f = /6r([/ + ,o),v/er(f/_,n) (95) 
w#f( g ) = Iffl" 1 /^- 1 ), Vfer(u + nu„,n). 

The geometric action defined in the next proposition immediately implies the func- 
tional equation and in fact lifts the equation at the level of the representation 

Proposition 5.4. 1) The equalities (|95j) define an action of the Weyl group W 
on the sheaf f2 which fulfills the following compatibility property with respect to the 
action (|93p 

#(\)w#S = \\\w#0(\- 1 )l (96) 
2) There is a unique action of the semi-direct product N = Ck x W on the sheaf £1 
which agrees with (|95[) on W and restricts on Ck to the twist $[— =■]. 

Proof. We need to show that the map w# : — > w^Q, defined in (f95|) is compatible 
with the restriction maps (|85|) . For / 6 T(U+,Cl), one has 

Res( W# /)( 5 ) = Lgr 1 ^ 

which agrees with w#Res(f), using (|9"5)) . A similar result holds for / £ r(E/_, fi). 
In fact, the full statement follows from the involutivc property of the transformation 
w#f(g) = ^ fig- 1 ). □ 

Theorem 5.5. The cohomology H 1 (Ff 1 ,Cl) gives the spectral realization of zeros 
of L- functions. The spectrum of the action |] of Ck on iJ 1 (Pp i ,fi) is invariant 
under the symmetry x(ff) l— * °/ Grossencharakters o/K. 

Proof. Consider the affine open set U- C P Fl and its complement Y = {0}. One 
checks directly that the cohomology with support H Y (P F , 0) gives the cokernel 
of the map £ : 5o(M) — > iSoo(Ck) of ((55]), i.e. the spectral realization of [5D], [3J, 
[5j initiated in [T]. Since U- is affine, one can use the exact sequence (|75|) which 
reduces to the isomorphism 

O^H Y (Fl i ,Q)^H 1 (Fl i ,n)^0 (97) 

since the homomorphism 

ff (P^,O)^£r (C/_,O|a_) (98) 
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is surjective cf. Lemma 15.31 The symmetry then follows from the existence of the 
action of N = Ck x W on the sheaf f£ and hence on the cohomology H l (P F □ 
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